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Abstract 
The paper proposes a model for longitudinal and transverse stresses simulation by multigrid technique with numerical solutions 
of differential equations in partial derivatives for research the processes of detachment and cracking on the surface layers of 
metal and alloy products. The developed model can be useful at the optimal modes selection of surface treatment with electron 
and ion beams radiation. Simulation shows that in order to avoid the cracks appearance on the AISI A2 steel surface radiated 
with 400 keV electron beam energy the maximum radiation parameters should not exceed 0.9 kA/cm2 current density and 150 ns 
pulse duration. This investigation assesses the stress arising at the matrix depth in a perpendicular direction to the electron beam 
and evaluates its magnitude that may exceed the stresses occurring through the matrix depth more than twice. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Omsk State Technical University. 
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1. Introduction 
Uneven temperature distribution occurs at the target depth during the products from metals and alloys treatment 
with low–energy high–current electron and ion beams radiation, promoting the longitudinal and transverse 
thermomechanical wave’s formation and corresponding stresses in the surface layers. Spreading of such waves often 
leads to crack grid occurrence on the material surface. The processes arising in the surface layers of metal and alloy 
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products at high–current radiation with electron and ion beams, due to this treatment method, influence the 
physical–mechanical and operational characteristics (wear–resistance, fatigue and corrosion strength) of structural 
and tool materials. 
Modifying of the products and materials is widely used at petrochemical industry [1]. It relates to ultralow ion 
implantation energies, to the high implantation doses, to alloying and pulsed heat treatment of the surface layers [2]. 
Radiation promotes different kinds of lattice defects occurrence in some cases and often non–uniform heating leads 
to the crack grid formation on the material surface as experimental studies show [3,4] . Thus, the optimal mode 
selection of material surface radiation (beam amount and incident energy of electrons or ions, implant type), taking 
into account the thermal stress state [5] is an actual problem of modern materials. The paper presents a model for 
longitudinal and transverse thermomechanical stresses simulation under low–energy high–current electron and ion 
beams radiation of metals and alloys with phase transitions at intense temperature variation [6]. A program code 
application [7] developed on the proposed model basis provides a sustainable solution to the problem of temperature 
field and thermal stress simulation, allowing to predict the processes of detachment and cracking on the surface 
layers of metal and alloy products, and serves as an essential prerequisite for optimal mode selection. 
2. The model of thermomechanical stresses simulation 
At uneven temperature distribution through the target depth, the longitudinal and transverse thermomechanical 
waves occur in it [8–11]. Solution of the Stefan task for one-dimensional heat equation with internal heat sources 
allows obtaining the temperature distribution field by time [12–15]. 
Method of the power density simulation during the particles passage through matter in dependence on the electron 
and ion radiation time and position is represented in the reference [16]. To determine the function of absorbed dose 
W(x, t) and temperature distribution T(x, t) on the basis of numerical methods [17-19] a computer program that takes 
into account phase transitions possibility (melting, crystallization) was developed [20]. 
3. Simulation of the longitudinal stress component 
Simulation of the longitudinal stress component at the presence of phase transitions represents a special 
complicated problem, which requires hyperbolic type equation borrowed from reference [4]: 
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here cV is the specific heat, ߭s is longitudinal component of the sound speed, T is the temperature ߁ is Grüneisen 
parameter. The initial and boundary conditions for this equation [21]: 
;0)t,x(σ;0)t,0(σ;)
t
)x(σ(;0)0,x(σ endxx0tx ==∂
∂
= =
  (2) 
A universal multigrid scheme is used for differential equations (1) solving with simultaneous calculation of the 
Stefan task by numerical methods [21]. In case of a homogeneous medium, the partial derivatives are replaced by 
finite differences: 
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here m is the coordinate step number; n is the number of time step; ߬ is the time step; ∆x is the depth step. 
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To determine the stress at the node we construct an implicit spatial–temporal stability of the difference scheme. 
The depth xend is divided into layers ∆x in program code (from 1,000 to 10,000 layers). At each time step ߬, the 
solution of equation (3) is carried out at depths 0≤x≤h+߭s·t, where t is the current time, because the wave at this time 
still has no time to spread through the depth x>߭s·t. 
A discrepancy calculation formula was derived for the convergence test of equation (2) at homogeneous medium: 
τ,n2
2
2
2
2
sτ,n2
2
V )t
σ
x
συ()
t
TρcΓ(R ∂
∂
∂
∂
+∂
∂
=
  (4) 
Universal method for solving differential equations in partial derivatives for multigrid technique is described in 
detail in reference [17]. According to this method, to reduce iteration number in the search interval (0≤x≤ xend) it is 
recommended to divide an integration solution into a small number of steps (up to 10). The program code must 
specify a large enough ∆σ value which can be corrected by required stress in the grid nodes nmσ during solution 
search. 
Further, the program code reduces ∆σ value to amount matching with the specified residual error R. The well–
known iterative method [21] for simulation of hyperbolic equations (1) allows avoiding a solution search by 
enumeration due to changing nmσ  on the r∆σ amount with direct and reverse simulation for a finite matrix length in 
accordance with the boundary conditions. This method can be used in medium where parameters cp(x), ρ(x), λ(x), 
߁(x), ߭s(x) and cV(x), experience no sharp jumps. 
In each grid node the values of following variables were calculated according to formulas: 
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Simulation of integrals (5) by the spatial coordinate ߟ also implemented with numerical methods [21]. We accept 
0σ nm =  and 0υnm = , that follow from equation (5) and are based on the initial and boundary conditions and 
time step n=0. 
F and υ  values are calculated by formula (7) with number n+1 on the new estimation time step. We express 
1n
mσ +  value in direct simulation from the the following formula: 
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In the process of reverse simulation the value 1nmυ +  is corrected using the expression: 
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Here ߦ1 and ߦ2 are adjustable parameters (0≤ߦ1, ߦ2≤1), which are also corrected by sorting and approximation. The 
scheme is unconditionally stable if ߦ1൒0.5 and ߦ2൒0.5 [21]. 
By adjusting the parameters ߦ1 and ߦ2, it is necessary to achieve the minimum residual value R that does not 
exceed the error R/. 
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4. Results and discussion 
The program code execution is verified in accordance with results of the temperature distribution and thermo–
mechanical stresses through the matrix depth, represented in reference [14, 15]. The temperature and stresses 
simulations by developed program code were conducted at AISI A2 steel surface radiated under different electron 
beam parameters. It is established that radiation treatment with 400 keV electron beam energy is advantageously 
carried out at a current density in the range of 0.6÷0.9 kA/cm2. Fig. 1 shows the results of the temperature 
distribution simulations obtained by the program code [19] at chromium alloyed AISI A2 steel surface radiated with 
pulsed 400 keV electron beam energy and 0.9 kA/cm2 current density and different pulse duration. After reaching a 
maximum at a depth range from 20 μm to 40 μm for different pulse duration, the temperature is reduced to room 
value at a depth of 200 μm. 
 
Fig. 1. The temperature distribution profiles through AISI A2 steel depth radiated with pulsed 400 keV electron beam energy, 0.9 кА/сm2  current 
density and different pulse duration 1) 100 ns; 2) 150 ns; 3) 200 ns. 
The longitudinal and transverse stresses distribution through the matrix depth simulated on the basis of developed 
model under the same beam parameters is represented below (Fig. 2). 
 
Fig. 2. The longitudinal (a) and transverse (b) stresses profiles through AISI A2 steel depth radiated with pulsed 400 keV electron beam energy, 
0.9 кА/сm2  current density and different pulse duration 1) 100 ns; 2) 150 ns; 3) 200 ns. 
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Stress distribution analysis shows that the transverse stress exceeds the tensile of AISI A2 steel strength (σ=880 
MPa) at the pulse duration more than 200 ns and thereby causing cracking of the matrix surface. 
As simulations show in order to avoid the cracks appearance on the steel surface radiated with pulsed 400 keV 
electron beam energy, the maximum radiation parameters should not exceed 0.9 kA/cm2 current density and 150 ns 
pulse duration. It is also established the stresses arising regularity: stress magnitude spreading in a perpendicular 
direction to the electron beam (up to 1200 MPa) may exceed the stresses occurring through the matrix depth (up to 
600 MPa) more than twice. 
5. Conclusion 
The paper presents a method for longitudinal and transverse stress simulation at metals and alloys radiated with 
low–energy high–current electrons and ions beam with phase transitions under intense temperature variations. A 
program code application, engineered on the basis of developed model, provides a sustainable solution to the 
problem of temperature field and stresses distribution, allows predicting the surface layers detachment and cracking 
and serves as an essential prerequisite for optimal mode selection of material surface radiation treatment. 
As simulations show in order to avoid the cracks appearance on the AISI A2 steel surface radiated with pulsed 
400 keV electron beam energy, the maximum radiation parameters should not exceed 0.9 kA/cm2 current density 
and 150 ns pulse duration. 
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